Introduction. The derivation of equations for quantum noise is an important problem related to applications in quantum optics, quantum information and measurement theories [1, 4, 9, 15] . The main advantage of quantum stochastic theory is an elegant implicit construction of solutions for the class of adapted QSDE describing the joint unitary evolution of a quantum system and its environment [10] . The conceptual disadvantage of this approach is a gap in understanding the unitary stochastic evolution in the spirit of the classical Stone theorem describing the infinitesimal generator of a unitary group as a self-adjoint operator.
ary value problem. The boundary condition describes jumps of the solution in amplitude and in phase. The jumps are supported by the set of singularities of the formal generator, and the selfadjointness of the boundary value problem is necessary and sufficient for the existence of the unitary solution of the appropriate QSDE.
These results were obtained by the explicit analysis of the class of solvable problems for the Schrödinger equation in Fock space [7, 8] . In the present paper, we extend the class of Hamiltonian operators by using the standard analytical tool: the Berezin canonical transformation technique.
In §1 we recall the construction of the normal form of the resolving operator for the Schrödinger equation in Fock space. In §2 we consider a solvable model and describe explicitly the limit unitary group and the corresponding unitary cocycle which satisfies the adapted QSDE. In §3 we analyze the range of the resolvent (the domain of the infinitesimal operator) and derive boundary discontinuity conditions and the dissipative operator, which turns out to be symmetric on the linear subspace of Fock vectors satisfying the imposed boundary condition. In §4, by the asymptotic analysis of the normal form of the resolving operator, we prove similar results for the class of Hamiltonians containing squares of creation and annihilation operators. We also describe a nontrivial connection between the coefficients of the Hamiltonian operator and the coefficients of QSDE.
1. Berezin's approach to the Schrödinger equation in Fock space. In the sixties, F. A. Berezin has developed the technique of canonical transformations of CCR-CAR representations [5] which can be used to construct the resolving operator of the Cauchy problem for the Schrödinger equation in Fock space with the quadratic Hamiltonian He proved an explicit formula for the normal symbol U t (a * , a) of the resolving operator
where the pairs (a † , a) are the creation and annihilation operators in the symmetric Fock space Γ S (L 2 (IR)), and the pairs (a * , a) are functions from L 2 (IR). The theory involves the real inner product in L 2 (IR) and three involutions assuming the representation of operators by integral kernels. These involutions are the Hermite conjugation (star * ), the complex conjugation (bar) and the transposition (prime
One of the main assertions of the book [5] (Chap. III, §6, Th.2) is a theorem describing the construction of the normal form U t (a * , a) of the resolving operator U t (a † , a) for the quadratic Hamiltonian H 2 (a * , a):
where
, that is, Ψ t is a Hilbert-Schmidt operator, and g t (ω) ∈ L 2 (IR) for each t ∈ IR + . The normal forms of the Hamiltonian H(a * , a) and its resolving operator U t (a * , a) are related by the Schrödinger equation
where the Fréchet derivative δ a * acts the first, and the multiplication by the function a * (ω) ∈ L 2 (Ω) acts the second.
2. The limits of solvable models. Consider the family of unitary groups
generated by the family of selfadjoint Hamiltonians with commuting coefficients
are the energies of the system and the environment, K is a self-adjoint operator, R is a closed operator, and {g α } and {f α } are sequences of functions with positive Fourier transforms from L 2 (IR) ∩ L 1 (IR) degenerating to the constant 1 √ 2π as α → 0. The main example of dependence on α is given by the scaling transformation g α (ω) = g(αω), g(ω) = exp{−ω 2 }/ √ 2π (see [6] ). In the particular case H 2 (a * , a) = (a * , Ca) + (a * , f ) + (f , a), we have H aa = 0 and
The equivalence " ∼ =" denotes the correspondence between an integral operator and its kernel, and between a vector from H and an appropriate function from L 2 (IR) = H. In the sequel, we suppose for simplicity that the operators H 0 , K and R are bounded and have a joint spectral family E λ such that
where ν λ , ρ λ , θ λ are measurable real functions corresponding to the operators H 0 , K and R. These assumptions single out the class of simple solvable models with nontrivial behavior as α → 0. Since H aa = 0, equations (1.3) imply:
and Eq. (1.2) reads as follows
Equation (1.3) is satisfied for all t > 0 and U t (a * , a) t=0 = I. It is possible to describe explicitly the action of the resolving operator on direct 
where v
We recall that we use the real inner product in (2.3).
The limit of the derivative
, coincides clearly with the weak limit of Hamiltonians (1.1)
(2.4) with the same operator coefficients R and K. To find the derivative of the limit
which gives the limit of the generators in the strong resolvent sense, we use the expansion exp{ic π} = I + (e ic − 1) π, π = π * = π 2 , c ∈ I C (2.5) for any projector π, and the "Lemma on Four Limits" [6, 7] describing the singular limits of the components of functionals Σ
ω→t v(ω); F t→ω is the Fourier transformation:
and I T (t) is the indicator function of the set T . Substituting limits (2.6) into equation (2.2) for the normal form of the resolving operator, we obtain
By differentiating (2.7), we find the normal form of the infinitesimal operator of the limit unitary group:
with
. Thus, we conclude that there exist two different limits as α → 0: the weak limit H w (2.4) and H srs which has the meaning of the strong resolvent limit of Hamiltonians (1.2):
with the coefficients L ℓ ,
satisfying exactly the formal unitarity conditions of the Hudson-Parthasarathy type: [10] ). In the sequel, we assume that (I −iK)
can be extended from dom R to entire H as a bounded operator. Thus, under the assumption (I − iK)
The connection between the operator and its normal form ( [5] ) implies the explicit representation of the unitary group generated by the normal exponent (2.7):
where G λ is the spectral density of the dissipative operator G = −iH + R * (2 − iK) −1 R, and exp{iZ λ } = (2 + iλ)/(2 − iλ). By "Lemma on Four Limits", the same equations 
These unclosable quadratic forms generate well defined fundamental operator-valued set functions which are unitarily equivalent to the fundamental processes of creation, annihilation and number process introduced in [10] . We use here the following representation for these processes:
. Consider the operator-valued set function u(s, t) (the unitary cocycle) generated by the unitary group U t :
Using the commutation rule J * t ψ(f ) = ψ(e −iωt f ), we immediately obtain from (2.9) an explicit equation representing the action of u(s, t) on tensor products h ⊗ ψ(v)
where I T (ω) is the Fourier transform of the indicator function I T (t). Straightforward computation of the time derivative implies the adapted QSDE for u(s, t) :
The set-function u(T ) has a cocycle property: 
Thus we obtain Theorem 1. Suppose that K and R are commuting operators, K is a self-adjoint operator and R is a closed operator such that (I − iK) 
such that u(τ, t) is a unitary solution of QSDE with the stochastic differential (2.12 ).
3. Symmetric boundary value problem associated to QSDE. It should be pointed out that H w and H srs are not well defined operators on the product H ⊗ Γ S (L 2 (R)). They vanish in the dense set
, h(0) = 0} and in this sense they are singular. Typically, there exists an implicit correspondence between singular perturbed operators and boundary value problems for these operators ( [2, 3, 12] ). Since we have the explicit representation of the unitary group U t , we can describe the generator rigorously. First of all let us describe the domain of the infinitesimal operator. Main observations of this Section are generalizations of the algebraic properties of the following toy boundary value problem.
For any λ ∈ IR, L ∈ I C, consider the set D λ,L of vectors F = {f 0 , f 1 , . . .} with symmetric continuous components:
where A ± f 0 = 0 and
by the definition. Then, clearly, for F, G ∈ D λ,L the following identity holds true:
Integrating by parts over (IR \ {0}) n the sesquilinear inner product in L 2 ((IR \ {0}) n ), we obtain
Therefore, the operator
is symmetric on the vector subspace D λ,L in the Hilbert space H with sesquilinear inner product
Thus, the operator H = H 0 + i∂ x + i|L| 2 /2 + iLe iλ A − being restricted to the set A + − A − e iλ − L F = 0 is a symmetric operator. Let us prove that the range of the resolvent generated by the unitary group (2.9) has a similar characterization.
Consider the vectors Φ from the range of the resolvent of unitary group
with the components
where L, W and G are commuting operators described by the spectral densities
Let us denote by φ n,t (τ ) the Fourier-transformation of the function φ n,t (ω)
where τ = {τ 1 , . . . , τ n }. Let K be a subset in {1, . . . , n} and let K a be its complement. Set P (n)
Note that on the set τ ∈ (IR \ {0}) n the function φ n,t (τ ) depends on arguments τ k − t.
Clearly, the functions P (n) K,t (τ ) have discontinuities of the first kind in all hyperplanes where variables τ k changes sign:
Therefore, Eq. (3.2) implies the following difference of substitutions:
Let us calculate the jump of φ n,t (τ ) at the points where τ k changes sign. Note that
Taking into account Eqs. (3.1) and (3.3), we find the jumps in amplitude and phase of the functions from the domain of the infinitesimal operator of the group U t :
) be a vector subspace in h with the elements satisfying assumption (3.4), and let A(δ ± ), Λ(δ ± ), N be operators acting on Fock vectors by the rules
In this notation, the boundary condition (3.4) in the symmetric Fock space Γ S looks as follows
Let us prove that the operator 
By using the boundary condition (3.5) for functions φ n and ψ n , we find the difference of substitutions of the integral (3.7):
In particular, Eq. (3.8) is simplified for B = I:
Taking into account the identity iG − iL * L = (iG) * , we obtain from here an identity which means the symmetry property of the operator H in D W,L :
Let us find how the generator of the group U t acts on vectors belonging to the resolvent. Set Ψ ∈ h, Φ = R µ h ⊗ ψ(v). By the definitions of the generator, we have (Ψ, HΦ) = lim
. (3.9)
As it was observed earlier, the functions φ n,t (τ ) depend on differences τ k − t. Therefore,
On the other hand,
11) by definition of the operator A(δ − ). Now, taking into account definition (3.9) and identities (3.10) and (3.11), we obtain
that is the generator H of the group U t has the form (3.6). Thus, we have proved the following theorem.
Theorem 2. The operator
It generates the one-parameter unitary group U t (2.9 ).
It is important to stress that the proof of the symmetry property does not assume that the operators L, G and W commute. The proof can be easily extended to operators of the form
where H (α)
−t . The operators λ t and µ t are related to Φ t and Ψ t by the interaction representation generated by P (α)
The solutions of this system, being rewritten as left cocycles, read as follows
By using "Lemma on Four Limits" and expansions (4.2), we prove that if (I − iK) −1 : H → dom Q * ∩ dom R * , then the following asymptotic expansions hold true as α → 0:
where h t = e iωt (I + (W − I) π (0,t) )h(ω), ||h t || = ||h||. Hence, Φ −1
These expansions gives an equation for H srs similar to the previous one and confirm the above conjecture:
with the same K and W as above. We stress that the limits H w and H srs are different. To pass to a quantum stochastic differential equation, we cancel out the term I ⊗ E from the Hamiltonian by passing to the interaction representation, and evaluate the stochastic differential:
Thus, the contribution to the singular components of H srs is given by the stochastic processes of creation and annihilation of the second order:
where A(he −iωt ) acts as a time-dependent annihilation operator; it multiplies the coherent vectors by the convolution of the Fourier transformations of h and g:
In the particular case when h is supported by IR − , the processes A 2 (T ) and A † 2 (T ) are adapted. Fortunately, in the nonadapted case, there is no problem to define rigorously the stochastic integrals (4.6) because they contain products of commuting operators.
The associative Ito multiplication table for the operator-valued set-functions A(T ), Λ(T ), A 2 (T ) and adjoint families follows in the standard way from CCR (see [13, 14] Assume that L k are bounded operators from B(H) ⊗ Γ S (L 2 (IR)) and 
(4.8)
The system (4.8) is similar to the equations derived in [10] to describe the conditions necessary for the solution of QSDE to be unitary. It has an explicit solution parameterized by a Hermitian operator H 1 , a unitary operator W , and arbitrary operators L and M :
These coefficients coincide with the coefficients of set-function (4.7) provided L = i(I − iK/2) −1 R, M = i(I − iK/2) −1 Q,
The last correction H 1 − H 0 to H 0 follows from the strong resolvent limit of the family of "physical" Hamiltonians (4.1) and violates the normal form of the generator, but the difference H 1 − H 0 cannot be derived within the quantum stochastic calculus.
